Abstract. We prove a circle packing version of the Measurable Riemann Mapping Theorem in the spirit of Rodin and Sullivan's Circle Packing Riemann Mapping Theorem. We also construct circle packing maps of the plane onto itself with prescribed dilatation.
Introduction
Classically, the distortion of a quasiconformal map f is described by its complex dilatation µ, defined by the Beltrami equation
Conversely, f is quasiconformal only if it is the solution of (1.1) for some Beltrami differential µ ∈ L ∞ , ||µ|| ∞ < 1 [8, 14, 15] . The classical Measurable Riemann Mapping Theorem asserts that given a Beltrami differential µ on a simply connected domain Ω C, there is a corresponding quasiconformal map f µ from Ω to the unit disc D having µ as its complex dilatation. If f µ is normalized to send two points z 0 , z 1 ∈ Ω to 0 and the positive real axis, respectively, then f µ is unique. The original Riemann Mapping Theorem follows from the special case µ = 0.
Circle packings have been used previously by Z.X. He [9] to solve Beltrami differential equations, but they appear indirectly. The distortion was produced by precomposition with a quasiconformal map. In this note, we prove a direct circle packing version of the Measurable Riemann Theorem in the spirit of Rodin and Sullivan's Circle Packing Riemann Mapping Theorem [17] .
Rodin and Sullivan constructed circle packing maps from a simply connected region Ω C to D by first filling Ω with a circle packing, then creating a packing in D with the same combinatorial structure. The resulting map is approximately conformal. We construct quasiconformal circle packing maps by altering the combinatorial structure of the of the first packing before creating the range packing in D. By controlling the combinatorial distortion, we can precisely control the quasiconformal distortion between the two packings.
In Lehto and Virtanen's classic proof of the Measurable Riemann Mapping Theorem [15] , quasiconformal maps are first constructed on small rectangles where the complex dilatation can be assumed to be constant. The rectangle maps are then glued together using conformal welding. Our approach also employs a circle packing version of conformal welding; however, we use welding to create the quasiconformal distortion itself rather than to piece together maps which are already quasiconformally distorted.
We begin with a discussion of circle packings and their deep connection to conformal maps in Section 2. In Section 3, we construct quasiconformally distorted circle packing maps of the plane as a prelude to our Circle Packing Measurable Riemann Mapping Theorem in Section 4.
Conformal circle packing maps
Definition 2.1. A circle packing P K for a triangulation K is a locally finite configuration of circles {C v } indexed by the vertices of K with C v tangent to C w if the vertices v and w are joined by an edge in K.
Notice that by connecting centers of circles with line segments, we can recover the original triangulation K from the packing. The region covered by these triangles form the carrier |K| of the packing. A packing is univalent if none of its circles overlap.
If K is a simply connected triangulation, the existence of a univalent packing P for K was proven independently by Koebe [13] , Andreev [1] , and Thurston [16, 19] . If the triangulation is infinite, then P fills either the complex plane C or the unit disc D and is unique up to conformal automorphisms [3] . If the triangulation is finite and planar, much more variety is possible; however, one can always find a packing which fills D and is unique up to conformal automorphisms. Example 2.2. One useful infinite packing is the "ball bearing packing" named by Dubejko and Stephenson [7] . The underlying triangulation is created from a lattice, and the original lattice structure is still apparent in the resulting packing. Consequently, the carrier of the packing can be decomposed into small squares. Moreover, there is a natural refinement of the triangulation and carrier created by replacing each square with four copies of the original. See Figure 1 .
Notice that the large "lattice" circles (corresponding to vertices in the original lattice) are all the same size and the smaller "ball bearing" circles are all the same size. We have recently used deformations of this packing to show that every noncompact Riemann surface can be filled with a circle packing [23] .
The intense interest in circle packings began when Thurston [20] conjectured and Rodin and Sullivan [17] proved a circle packing version of the Riemann Mapping Theorem. Let Ω be a simply connected region and let z 0 , z 1 ∈ Ω. Let {P n } be a sequence of circle packings in Ω whose carriers |K n | converge to Ω and whose meshes converge to 0. Suppose in each packing, two circles C 0 and C 1 are centered at z 0 and z 1 , respectively. It follows from Koebe's, Andreev's, and Thurston's Theorem that each P n can be repacked as a packing P n in the unit disc D with the circles corresponding to C 0 and C 1 centered at 0 and on the positive real axis, respectively. Since P n and P n share the same underlying triangulation, there is a natural map f n between their carriers defined by sending centers of circles to centers of circles and extending linearly on the triangles. Rodin and Sullivan's original proof applied only to packings in which each circle had six neighbors, but it was extended by Stephenson [18] , and Rodin and He [10] , with the most general version due to He and Schramm [12] .
It is now a well-established folk theorem that circle packings strongly "want" to be conformal. For example, packings respond to the introduction of branch points [6] , subdivision rules [5] , and various surgeries [2, 22, 24] by approximating the conformal map being modeled.
As a result, the only hope for producing quasiconformal circle packing maps is to change the underlying triangulation. The combinatorial changes will be reflected in the geometry of the new packing, and the change in geometry will result in a quasiconformal deformation.
3. Quasiconformal circle packing maps 3.1. Maps of the entire plane. At the heart of Rodin and Sullivan's proof is the uniqueness of normalized packings filling the complex plane. This is a circle packing analog of the fact that the only normalized univalent map of the plane to itself is the identity. Thus as a first step toward a circle packing Measurable Riemann Mapping Theorem, we construct circle packing maps converging to quasiconformal maps on the entire plane.
Consider a constant Beltrami differential µ 0 on the entire plane. Unlike the general case, there is an obvious linear quasiconformal map
with complex dilatation µ 0 and fixing 0 and 1. Let P be the infinite ball-bearing packing of Example 2.2 and K its triangulation. We may assume P is normalized so that two circles C 0 and C 1 are centered at 0 R R 1 2 f Figure 2 . Fundamental quadrilaterals R 1 and R 2 which are not conformally equivalent. However, if R 2 is bent into another fundamental domain R 2 (dashed), then there will exist a conformal map f : R 1 → R 2 . and 1, respectively. Recall that P is composed of many square pieces -four large "lattice" circles with a smaller "ball bearing" circle inside. By modifying these pieces, we will create a combinatorial distortion which reflects the quasiconformal distortion encoded by µ 0 .
Conformal welding.
In earlier work with Roger Barnard [2], we described a deformation for circle packings on tori. Recall that every torus can be represented as the plane modulo a lattice. Thus deforming one torus into another means deforming the underlying lattice structure. The lattice produces a tiling of the plane by fundamental parallelograms. By cutting adjacent parallelograms apart and gluing them (unevenly) back together, we distort the lattice. This idea of uneven gluing is formalized in the notion of conformal welding [15, 8, 14, 4] . 
Suppose T 1 and T 2 are tori with conformally different underlying lattices. It follows from the work of Toki [21] that there exist welding homeomorphisms on each edge of each fundamental parallelogram in the lattice for T 1 which produce fundamental parallelograms which generate the lattice for T 2 . The explicit homeomorphisms are presented in our earlier work with Roger Barnard [2] . For completeness sake, we briefly describe the construction here.
Since the lattices for T 1 and T 2 are conformally distinct, any fundamental parallelograms R 1 and R 2 , for T 1 and T 2 , respectively, must be conformally inequivalent. That is, there can exist no conformal map from R 1 onto R 2 which preserves the lattice vertices. However, R 2 can be "bent" into a region R 2 which is conformally equivalent to R 1 . That is, there will exist a conformal map f : R 1 → R 2 which preserves the original vertices. See Figure 2 .
Since R 1 and R 2 generate the entire original lattices by translation, the map f generates maps on every fundamental region in the lattice. For example, suppose R onto adjacent regions in the lattice for T 2 which send lattice vertices to lattice
then our construction shows a conformal welding exists for ϕ. Repeating this welding throughout the lattice for T 1 will transform it into the lattice for T 2 . For our circle packing version, we need to create a new welded triangulation from Q + and Q − . Thus we will glue vertices on the side of Q + to vertices on the side of Q − . As it stands now, however, there are no vertices on the sides of Q + and Q − which we can glue. To remedy this situation, for each m, we let K m be the m th refinement of K as described in Example 2.2. In the refined complex, m vertices have been created on each side of Q and Q − . These vertices can be naturally embedded as equally spaced points on the sides of |Q + | and |Q − |. We then use ϕ to determine how to glue the vertices on the side of Q + to those on Q − . The only difficulty lies in the fact that the image of a vertex on Q + might lie between two vertices on Q − . Thus we will need to take a common refinement of the sides, so that vertices will map to vertices.
Repeating this process on every square in K m , we create a welded triangulation K m . It is easy to verify using He and Schramm's parabolicity criteria [11] that K m will have packing P m filling C which we can normalize so that the circles corresponding C 0 and C 1 in P are still centered at 0 and 1, respectively.
Notice that our welded triangulation K m still contains the original vertices of each square in K. Thus we can define a map f m : |K| → | K m | by sending these vertices in |K| to the corresponding vertices in | K m | and extending linearly to the rest of the carrier. This is analogous to the Rodin and Sullivan construction of circle packing maps, but using the larger lattice structure rather than the individual triangles in the triangulation.
In our earlier work [2] , we showed that any torus covered by a circle packing can be deformed to any other torus by a sequence of refinements and weldings that keep the degree of the packings uniformly bounded. Equivalently, any lattice defined by a doubly periodic circle packing on the plane can be deformed into any other lattice by a sequence of refinements and weldings of each parallelogram of the lattice.
Thus given any constant Beltrami differential µ 0 , we can create both a linear map f µ 0 deforming the square lattice and a sequence of circle packings approximating the same deformation. Since our circle packing maps were defined by sending lattice points to lattice points and extending linearly, the circle packing maps f m converge uniformly to f µ 0 .
Lemma 3.2.
As m → ∞, f m converges to f µ 0 uniformly on C.
Nonconstant dilatations.
If µ is not constant, we can still construct a sequence of circle packing maps converging to a quasiconformal map f µ with dilatation µ. Suppose K is again the triangulation of the ball-bearing packing P of Example 2.2. Since Beltrami differentials are measurable, we can find the average of µ over each square in the carrier |K|.
Now we treat µ as constant on each square and apply the refinement and welding procedure developed in the previous section. To approximate the effect of welding an infinite packing, first refine each square n times, then refine and weld each of the new squares m times. We thus produce packings P n,m and circle packing maps f n,m . Proof. Fix a square |Q| in |K| and let µ 0 be the average of µ over |Q|. Let Q n,m be the portion of P n,m derived from Q. As n → ∞, Q n,m must become indistinguishable from a scaled version of the infinite welded packing P m for µ 0 constructed in Section 3.2. Otherwise, we could scale Q n,m to satisfy the same normalizations as the infinite packing. As n → ∞, these would converge to a different infinite packing, thus violating uniqueness.
Consequently, for large n, f n,m must have approximately the same dilatation on compact subsets of |Q| as the map f m constructed in the previous section using the infinite packings. Moreover, the boundaries between the original squares in |K| have measure 0. It follows via diagonalization that we can extract a sequence {f k } converging to a quasiconformal map with the required dilatation. Now suppose we scale the original ball-bearing packing by (and relabel C 1 ) before computing the average value of µ over each square. For each fixed , Lemma 3.3 will still apply. Moreover, as → 0, the average values of µ on the tiny squares will converge to µ. Thus by another diagonalization argument, we can extract a sequence of circle packing maps converging to f µ . Thus we have proved the following theorem.
Theorem 3.4. If µ is a Beltrami differential on C and f
µ is the corresponding normalized quasiconformal map, then our construction produces a sequence of circle packing maps converging to f µ .
Measurable Riemann mapping theorem
4.1. Construction. Let Ω be a proper simply connected region in C and µ a Beltrami differential on Ω. Let z 0 , z 1 ∈ Ω. For each n, scale and translate the infinite ball-bearing packing of Example 2.2 so that the large "lattice" circles have radii less than 1 n and two circles C 0 and C 1 are centered at z 0 and z 1 , respectively. Intersect this infinite packing with Ω and let P n be the component containing z 0 and z 1 . Let K n denote the underlying triangulation of P n . For sufficiently large n, P n will be nonempty, and the carrier |K n | will converge to Ω as n → ∞.
Define µ n on each square of |K n | by setting it equal to the average value of µ over that square. Applying the same technique as in Section 3, we can construct a welding deformation K n of K n which mirrors the quasiconformal deformation encoded in µ n . Since in this case K n is finite, it has a packing P n in D. We then define f n : |K n | → D by sending centers of the lattice circles to centers of the corresponding circles in P n and extending linearly. We can assume P n is normalized so that f n (z 0 ) = 0 and f n (z 1 ) > 0.
4.2.
Convergence. Using the same argument as Lemma 3.3, we see that increasing the number of refinements in the welding process causes f n to converge uniformly on compact subsets to the normalized quasiconformal map f µ n corresponding to µ n . Moreover, µ n → µ and f µ n → f µ as n → ∞. Thus if we use sufficiently many refinements at each stage, we can ensure f n converges uniformly on compact subsets of Ω to f µ . Remark 4.1. One might reasonably ask whether our construction could be carried out for any packing in Ω instead of just the ball-bearing packing. Some loosening of this restriction seems possible, but at present, there is no method for distorting general packings in the way we can distort packings with a lattice structure.
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